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We studied, both analytically and numerically, an Abelian Higgs vortex in the spacetime of sta-
tionary axisymmetric black hole being the solution of the low-energy limit of the heterotic string
theory, acted as hair on the black hole background. Taking into account the gravitational backre-
action of the vortex we show that its influence is far more subtle than causing only a conical defect.
As a consequence of its existence, we found that the ergosphere was shifted as well as event horizon
angular velocity was affected by its presence. Numerical simulations reveal the strong dependence
of the vortex behaviour on the black hole charge and mass of the Higgs boson. For large masses
of the Higgs boson and large value of the charge, black hole is always pierced by an Abelian Higgs
vortex, while small values of the charge and Higgs boson mass lead to the expulsion of Higgs field.
PACS numbers: 04.70.Bw, 98.80.Cq
I. INTRODUCTION
The no hair conjecture of black holes, or its mathematical formulation, the uniqueness theorem of black holes states
that the static electrovacuum black hole spacetime is described by Reissner-Nordstro¨m solution whereas the circular
one is diffeomorphic to Kerr-Newmann spacetime [1]. The attempts of building a consistent quantum gravity theory
and understanding the behaviour of matter field in a spacetime of higher-dimensional black holes [2] triggered the
resurgence of works treating the mathematical aspects of higher-dimensional black objects. In higher dimensional
spacetime the uniqueness theorem for static black holes is well justified [3], while the stationary axisymmetric case
is far more complicated (for the recent efforts of proving uniqueness theorem see, e.g., [4]). Consequently, these
researches comprise also the low-energy limit of the string theory, like dilaton gravity, Einstein-Maxwell-axion-dilaton
gravity and supergravities theories [5].
In addition, black holes and their properties consist the key ingredients of the AdS/CFT attitude [6] to supercon-
ductivity acquire great attention. Questions about possible matter configurations in AdS spacetime arise naturally
during aforementioned researches. In Ref.[7] it was shown that strictly stationary AdS spacetime could not allow for
the existence of nontrivial configurations of complex scalar fields or form fields. The generalization of the aforemen-
tioned problem, i.e., strictly stationarity of spacetimes with complex scalar fields in Einstein-Maxwell-axion-dilaton
gravity with negative cosmological constant was given in [8].
From the above point of view the other theories of gravity are also under intensive researches. Namely, the strictly
stationary static vacuum spacetimes in Einstein-Gauss-Bonnet theory were discussed in [9], while in Ref. [10] it was
revealed that a static asymptotically flat black hole solution is unique to be Schwarzschild spacetime in Chern-Simons-
gravity. Applying the conformal positive energy theorem the uniqueness proof of static asymptotically flat electrically
charged black hole in dynamical Chern-Simons-gravity was performed [11].
The discovery of Bartnik and McKinnon [12] of a nontrivial particle like structure in Einstein-Yang-Mills systems
opens new realms of nontrivial solutions to Einstein-non-Abelian-gauge systems. It turned out that black holes can
be colored [12] - [14], support a long-range Yang-Mills hair. However, these solutions are unstable [15] - [16], but
nevertheless they exist.
The other kind of problems is the extension of the aforementioned no hair conjecture to the case when some field
configurations have non-trivial topology. We may ask if topological defects [17] can constitute hair on black hole
spacetimes. In Ref.[18] the metric describing a Schwarzschild black hole threaded by a cosmic string was provided.
Then, the extension of the problem to the case of Abelian Higgs vortex on Euclidean Einstein [19] and Euclidean
dilaton black hole systems [20] were elaborated. Further, numerical and analytical studies revealed that Abelian
Higgs vortex could act as a long hair for a Schwarzschild [21] and Reissner-Nordstro¨m [22] black holes. The extremal
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2Reissner-Nordstro¨m black hole displays an analog of Meissner effect, but the flux expulsion does not occur in all cases.
The case of charged dilaton black hole Abelian Higgs vortex system was treated in [23], where among all it was shown
that all extremal dilaton black holes always expelled vortex flux. On the other hand, the problem of superconducting
cosmic vortex and possible fermion condensations around Euclidean Reissner-Nordstro¨m [24] and dilaton black holes
[25] were elaborated, while black string with superconducting cosmic string was studied in Ref.[26].
The case of stationary axisymmetric black hole vortex system turns out to be more complicated task. The first
attempts to attack this problem were presented in Refs.[27], but the correct treatment of Kerr black hole Abelian
Higgs vortex was presented in [28].
In our paper we shall provide some continuity with our previous works concerning the dilaton static black hole
topological defect systems [20, 23] as well as the works concerning the problem of the existence of cosmic vortex in
the spacetime of stationary axisymmetric black hole of Kerr type [28]. Namely, we shall take into account charged
stationary axisymmetric solution of the low-energy limit of the heterotic string theory, Kerr-Sen black hole. The
uniqueness of Kerr-Sen black hole was proved in Ref.[29] thus the next problem to consider will be the question of
possible hair on the black hole in question. In the light of the arguments presented in [28] we shall look for the
evidence that an Abelian Higgs vortex can act as a long hair for the Kerr-Sen black hole.
The paper is organized as follows. In Sec.II we briefly review an Abelian Higgs vortex configuration on stationary
axisymmetric black hole solution in Einstein-Maxwell-axion-dilaton gravity. Then, we perform analytical considera-
tions connected with the gravitational backreaction problem in order to achieve the line element describing Kerr-Sen
black hole pierced by a vortex. We discuss its properties, especially the phenomenon of shifting the position of black
hole ergosphere due to the presence of the vortex. In Sec.III we present a numerical analysis of the equations of
motion for an Abelian Higgs vortex in the spacetime of the extremal and nonextremal Kerr-Sen black hole. Sec.IV
will be devoted to the conclusions of our investigations.
II. EINSTEIN-MAXWELL-AXION-DILATON GRAVITY
In this section we shall study an Abelian Higgs vortex in the presence of Kerr-Sen black hole being the stationary
axisymmetric solution of the low-energy limit of heterotic string theory, the so-called Einstein-Maxwell-axion-dilaton
gravity. In our analysis we assume the complete separation of degrees of freedom for each of the objects in question.
The resulting action for the considered system will be the sum of the action devoted to Einstein-Maxwell-axion-dilaton
gravity
S1 =
1
16piG
∫
d4
√−g
[
R− 2 (∇φ)2 − 1
2
e4φ(∇a)2 − e−2 φFµνFµν − a Fµν ∗Fµν
]
, (1)
and the action for an Abelian Higgs model minimally coupled to gravity theory, which will be subject to spontaneous
symmetry breaking. Its action implies the following:
S2 =
∫
d4
√−g
[
−DµΦ†DµΦ− 1
4
B˜µν B˜
µν − λ˜
4
(
Φ†Φ− η2
)2]
, (2)
where we have denoted by Φ a complex scalar field. The covariant derivative is given by Dα = ∇α + i e Bα and field
strength tensor bounded with Bµ is of the form B˜µν = 2 ∇[µBν]. Whereas the U(1)-gauge field strength tensor is
given by Fαβ = 2 ∇[αAβ]. while the dual tensor to the U(1)-gauge field has the form ∗Fαβ = 1/2 αβγδ F γδ.
As usual, we can define real fields X, Pα, χ by the following relations:
Φ(xµ) = η X(xµ) e
iχ(xµ), (3)
Bα(xµ) =
1
e
[
Pα(xµ)−∇αχ(xµ)
]
. (4)
The above real fields represent the physical degrees of freedom of the broken symmetric phase. Namely, X is the
scalar Higgs field, Pα the massive vector boson, while χ is a gauge degree of freedom and it is not a local observable.
However it can have a globally nontrivial phase factor which indicate the presence of the vortex in question. The
equations of motion for X and Pα fields are provided by the relations
∇α∇αX − Pβ P β X − λ˜ η
2
2
(
X2 − 1
)
X = 0, (5)
∇µB˜µν − 2e2η2 X2 P ν = 0. (6)
3On the other hand, the field equations for the considered system yield
Gµν = Tµν(F, a, φ) + 8piG T˜µν(vortex), (7)
∇α∇αφ − 1
2
e4φ ∇µa ∇µa+ 1
2
e−2φ FαβFαβ = 0, (8)
∇β
(
e4φ ∇βa
)
− Fµν ∗Fµν = 0, (9)
∇µ
(
e−2 φFµνFµν + a ∗Fµν
)
= 0, (10)
Consequently, the energy momentum tensors for the adequate matter fields imply
Tαβ(φ) = 2 ∇αφ∇βφ− gαβ(∇φ)2, (11)
Tαβ(a) =
1
2
e4φ ∇αa∇βa− 1
4
gαβ(∇a)2, (12)
Tαβ(F ) = 2 e
−2φFαγFβγ − 1
2
e−2φgαβFµνFµν , (13)
while for the Abelian Higgs field one gets the following form of the energy momentum tensor:
T˜µν(vortex) = 2 η
2 ∇µX∇νX + 2 η2X2 PµPν + 1
e2
B˜µαB˜ν
α + gµνL(Φ, Bµ), (14)
where L(Φ, Bµ) is the Lagrangian density connected with Φ and Bµ fields which yields
L(Φ, Bµ) = −η2 ∇µX∇µX − η2 X2 PµPµ − 1
4e2
B˜µνB˜
µν − λ˜ η
4
4
(
X2 − 1
)2
. (15)
In order to proceed further we shall use coordinates which contemplate the axial symmetry of the Kerr-Sen black hole
Abelian Higgs vortex system. Namely, we take into account Weyl form of the axisymmetric line element described by
ds2 = −e2λ dt2 + α2 e−2λ
(
dϕ+ β dt
)2
+ e2(ν−λ)
(
dx2 + dy2
)
, (16)
where the functions under consideration are of x, y dependences. Further, we define x and y coordinates by the
relations
x =
∫
dr√
∆
, y = θ. (17)
As far as the considered metric of stationary axisymmetric black hole solution of Einstein-Maxwell-axion-dilaton
gravity is concerned it can be written in the form as [30]
ds2 = −
(
1− 2 G M (r − rm)
ρ˜2
)
dt2 + ρ˜2
(
dr2
∆
+ dθ2
)
+
4 G M (r − rm) a sin2 θ
ρ˜2
dt dϕ (18)
+
[
r (r − rm) + a2 + 2 G M (r − rm) a
2 sin2 θ
ρ˜2
]
sin2 θ dϕ2,
where we have denoted by rm = Q
2/G M and the rest of the quantities are defined by
ρ˜2 = r (r − rm) + a2 cos θ, ∆ = (r − rm)(r − 2GM) + a2. (19)
One can remark that the above metric reduces to the static dilaton black hole solution [31] when a = 0. On the other
hand, when one puts rm = 0, it contracts to the standard Kerr metric. The other form of the rotating axion dilaton
black hole was conceived in Ref.[32], but it turns out that by the adequate coordinate transformations and change of
the parameters it can be brought to the line element (18). M is the standard Schwarzschild mass while a is the Kerr
rotation parameter related to the black hole angular momentum by a = J/M .
Taking account of the corresponding Kerr-Sen line element, one gets the following correspondence between Kerr-Sen
metric and Weyl line element:
α0 =
√
∆ sin θ, e2λ0 =
ρ˜2 ∆
Σ2
, β0 = −2 M G a (r − rm)
Σ2
, e2ν0 =
ρ˜4 ∆
Σ2
, (20)
4where Σ2 = [r (r − rm) + a2]2 − a2 ∆ sin2 θ.
By virtue of the above one can rewrite the equations of motion for the Abelian Higgs vortex Kerr-Sen black hole
system in the form as follows:
Rαβ = Tαβ − 1
2
T gαβ , (21)
where the energy momentum tensor is provided by the expression
Tαβ =  Tαβ(vortex) + Tαβ(F, a, φ). (22)
In the above equation, Tα
β(vortex) denotes the rescaled energy momentum tensor (see, e.g., [19, 23]) of the considered
Abelian Higgs vortex, while  = 8piGη2. Thus, the explicit forms of equations of motion in the underlying theory are
given by
− 1
2
[
2 ∇2α − α3 e−4λ (∇β)2 + 4α∇2ν + 4 eλ ∇(α ∇e−λ)
]
(23)
=
√−g
(
(Txx − 1
2
T δxx) + (Tyy − 1
2
T δyy)
)
,
−1
2
[
− α3 e−4λ β2,y + 2α∇2(ν − λ)− 2 (αy νy − αx νx)− 2 ∇α ∇λ+ 4 α λ2,y + 2 α,yy
]
(24)
=
√−g (Tyy − 1
2
T δyy),
−1
2
(
− 3 ∇α ∇β + 4 α ∇β ∇λ− α ∇2β
)
=
√−g Tφt, (25)
α
2
e−2ν
[
2 ∇2α − 2 ∇α ∇λ− 2 α ∇2λ+ α3 e−4λ (∇β)2
]
= Tϕϕ − 1
2
T gϕϕ, (26)
−∇2α = √−g
(
(Ttt − 1
2
T δtt) + (Tϕϕ − 1
2
T δϕϕ)
)
, (27)
where ∇ = (∂x, ∂y). On the other hand, equations of motion for the matter fields imply
4 e4φ α e−2λ+2ν
(
∇φ ∇a e2λ−2ν
)
+ e4φ ∇(α ∇a)− 4 ∂yAϕ ∂xAt = 0, (28)
∇(α ∇φ) − 1
2
e4φ (∇a)2 + α e−2φ−2λ
[
−∇At (∇At − β ∇Aϕ) (29)
− ∇Aϕ
(
−∇At −∇Aϕ
(
e4λ − α2 β2
α2
))]
= 0,
∇
[
e−2φ−2λ α (∇At − β Aϕ)
]
+ ∂x(a Aϕ,y)− ∂y(a Aϕ,x) = 0. (30)
In the considered case one should also take into account Bϕ and Bt components of the Abelian Higgs gauge field. In
what follows we shall apply an iterative procedure of solving equations of motion, expanding the equations in terms of
. This is well justified because of the fact that, e.g., for the grand unified theory string one has  ≤ 10−6. Our starting
background solution will be described by X0 and P0 [28] and will constitute the Nielsen-Olesen vortex solution [33],
provided by
X ' X0(R), Pϕ ' P0(R), Pt ' ζ Pϕ. (31)
It can be easily found that ζ = −2 M G a(r − rm)/ρ4, where we put ρ equal to
ρ = r (r − rm) + a2, (32)
and R = ρ sin θ = ρ e−λ. Near the core of the cosmic string one gets that sin θ ∼ O(M−1), which results in the
relation R2,x+R
2
,y ∼ e2ν0−2λ0 . This implies in turn that to the zeroth order in , the components describing the energy
5momentum tensor of Abelian Higgs vortex yield
T(0)y
y ' X ′20 −
X20 P
2
0
R2
+ β˜
P ′20
R2
− 1
4
(
X20 − 1
)2
, (33)
T(0)ϕ
ϕ ' −X ′20 +
X20 P
2
0
R2
+ β˜
P ′20
R2
− 1
4
(
X20 − 1
)2
, (34)
T(0)t
t = Tx
x ' −X ′20 −
X20 P
2
0
R2
− β˜ P
′2
0
R2
− 1
4
(
X20 − 1
)2
, (35)
T(0)xy '
√
∆
ρ
(r − rm) R
(
2 X ′20 + 2 β˜ P
′2
0
)
, (36)
T(0)t
ϕ ' 0, (37)
where β˜ = 1/2e2 is the Bogomol’nyi parameter while R =
√
λ˜ η ρ. A prime denotes differentiation with respect to
R-coordinate.
As in Refs.[21] we expand the adequate quantities in series, i.e., α = α0 +  α1, etc. and solve the underlying
equations of motion iteratively. In the case under consideration except Abelian Higgs vortex fields one has to do
with dilaton, axion and Maxwell gauge field which appears at the level of 0-order. It caused that to O()-order the
geometry of the problem in question is not only modified by the vortex fields but also one should take into account
the backreaction of the rest of the matter fields appearing in EMAD-gravity. As we can see the energy momentum
components are functions of R-coordinate and this leads us to the conclusion that the modification of the Kerr-Sen
stationary axisymmetric solution will also depend on this coordinate. Therefore, we assume that the first order
perturbed solutions of the equations of motion in the theory in question will imply
α1 = α0 α˜1(R), λ1 = λ1(R), ν1 = ν1(R), β1 = β1(R), (38)
a1 = a1(R), φ1 = φ1(R), A
(1)
µ = f(R) A
(0)
µ ,
where A
(0)
µ denotes Maxwell field for Kerr-Sen solution. Having in mind the form of the energy momentum tensor for
cosmic vortex, near the string core, and the fact that (Tt
t − Tϕϕ − T )(F, a, φ) is equal to zero, we conclude that to
the leading order one attains
d2
dR2
α˜1 +
2
R
d
dR
α˜1 = 2
X20 P
2
0
R2
+
1
2
(
X20 − 1
)2
. (39)
It can be easily checked that α˜1(R) will be given by
α˜1(R) =
∫ ∞
R
1
R2
dR
∫ R
0
R′2
(
2
X20 P
2
0
R′2
+
1
2
(
X20 − 1
)2)
dR′. (40)
On the other hand, the fact that β is subdominant quantity and its derivatives are also subdominant, one reveals that
1-order Einstein-Maxwell-axion-dilaton gravity equations of motion can be readily write down in the forms
R
(
R α˜
′′
1 + 2 α˜
′
1 − R λ
′′
1 − λ
′
1
)
= R2
[
2
X20 P
2
0
R2
+ β˜
(P
′
0)
2
R2
+
1
4
(
X20 − 1
)2]
(41)
+ R2
[
Q2 f0
ρ4
+ 4 f0
Q2 a2
ρ4
]
,
α˜
′′
1 + 2
α˜
′
1
R
+ 2 ν
′′
1 − 2 λ
′′
1 − 2
λ
′
1
R
= 2 X20 +
1
2
(
X20 − 1
)2
, (42)
−α˜′′1 −
α˜
′
1
R
− ν′′1 + λ
′′
1 +
ν
′
1
R
+
λ
′
1
R
= 2 X20 + β˜
(P
′
0)
2
R2
+
3
4
(
X20 − 1
)2
(43)
+ 2
f Q4
ρ4
+ 2
Q2 R f
′
ρ5
,
−
√
∆
ρ
(
r − rm
2
) (
R2 α˜
′′
1 + 2 R α˜
′
1 − 4 λ
′
1
)
'
√
∆
ρ
(
r − rm
2
)
R
[
2 X20 + 2 β˜ (P
′
0)
2
]
, (44)
6φ
′′
1 +
φ
′
1
R
− 2 f Q
2
ρ4
+ 2
f Q2 a2
ρ4 R2
' 0, (45)
a
′′
1 +
a
′
1
R
− 4 φ
′
1
ρ4
− rm a α˜1
ρ4
' 0, (46)
f
′′
+
f
′
R
' −2 ρ
R r
(φ
′
1 + λ
′
1) + 2
α˜1
R2 r
. (47)
As in Refs.[20]-[23] we shall work in the so-called thin string limit. It means that one assumes that the mass of the
black hole in question is subject to the inequality M  1. Thus we shall neglect terms of the order O(1/Mn≥2).
First, let us consider equation (41) and relation for α˜1. They give us the following expression for λ1:
λ1 '
∫ ∞
R
dR
R
∫ R
0
dR′ R′
[
1
4
(
X20 − 1
)2
− β˜ (P
′
0)
2
R′2
]
. (48)
Hence, from equation (47), dropping terms of order O(M−2), one concludes that if we put the first integration constant
to zero, then finally f = f0, where f0 is a constant value. Turning our attention to the relations (42) and (43), we
observe that ν1 = 2 λ1. Then, from equation describing the dilaton field we find that
φ1 =
∫ ∞
R
dR
2
R
∫ R
0
dR′
f0 Q
4
ρ4
(
R′ − a
2
R′
)
. (49)
Referring our studies to the relations describing axion field, it entails that the following is satisfied:
a1 =
∫ ∞
R
dR
1
R
∫ R
0
dR′
R′
ρ4
(
4 φ
′
1 + rm a α˜1
)
. (50)
The essential point, however, is that the first order correction of β cannot be established from an asymptotical analysis,
due to the fact that β-quantity is a subdominant function in the problem in question. Just, taking the divergent part
of the Ricci curvature tensor Rxy one has that to 
1-oder we arrive at the relation
e−4λ0 α20 β0,x β1,y '
2 M a R2
ρ2
√
∆
(
− 1 + 4 r (r − rm)
ρ2
+O
(
1
ρ4
))
β1,y. (51)
On this account it is customary to examine the right-hand side of equation in question, i.e., studying the adequate
components of the energy momentum tensor, both for Abelian Higgs vortex and matter fields, one infers that we
cannot find δβ which has the mandatory functional dependence on the coordinates. It is remarkable fact that, the
required form of 1-order β correction required for a pure ϕ deficit angle leads to the divergence of xy-component of
the Ricci curvature tensor at the event horizon of the considered black hole. In view of these arguments, we deduce
that δβ = 0.
After rescaling coordinates tˆ = e ν1/2t, rˆ = e ν1/2r, aˆ = e ν1/2a, Mˆ = e ν1/2M, Qˆ = e ν1/2Q, one achieves to
the line element describing thin string in Kerr-Sen black hole spacetime. The resultant metric is provided by
ds2 = −
(
∆ˆ− aˆ2 sin2 θ
ρˆ2
)
dtˆ2 − 8 G
2 Mˆ2 aˆ2 (rˆ − rˆm)2
Σˆ4
 µˆ
[
rˆ (rˆ − rˆm) + aˆ2
]
sin2 θ dtˆ2 (52)
+
Σˆ2
∆ˆ
drˆ2 + ρˆ2 dθˆ2 +
Σˆ2 sin2 θ
ρˆ2
(
1− 2  µˆ
)
dϕ2 − 4 G Mˆ aˆ (rˆ − rˆm)
ρˆ2
sin2 θ
(
1− 2  µˆ
)
dtˆ dϕ,
where we have denoted by µˆ mass per unit length of the cosmic string [19], while the other quantities are defined as
follows:
∆ˆ = (rˆ − rˆm) (rˆ − 2 G Mˆ) + aˆ2, (53)
ρˆ2 = rˆ (rˆ − rˆm) + aˆ2 cos2 θ, (54)
Σˆ2 =
[
rˆ (rˆ − rˆm) + aˆ2
]2
− aˆ2 ∆ˆ2 sin2 θ, rˆm = Qˆ
2
G Mˆ
. (55)
One can remark that the Abelian Higgs vortex on Kerr-Sen rotating black hole causes not only an angular deficit
angle which is felt by ϕ-coordinate but also the deficit which influences t-coordinate. This fact leads us to a quite
7new physical phenomenon. Namely, because of the fact that the deficit angle appears in gtt and the condition on the
radius of the ergosphere is gtt(rerg) = 0, then the position of the ergosphere is shifted (we shall pay more attention
to this problem in Sec.III). The same occurrence takes place in Kerr Abelian Higgs vortex system [28]. One should
remark that recently the problem of ergoregions attracted much attention, see, e.g., [34] and references therein.
The angular velocity of the observer in Kerr-Sen black hole Abelian Higgs vortex system belongs to the interval
Ωmin < Ω < Ωmax, where Ωmax,min = ω ±
√
ω2 − gtt/gϕϕ, with ω = −gϕt/gϕϕ. Thus, it is affected by the presence
of the Abelian Higgs vortex. At the event horizon of the black hole threaded by a vortex, where ω2 = gtt/gϕϕ, Ωmin
coincides with Ωmax. The limiting angular velocity is of the form
Ωh = ω
2(rh, θ) = ω
2
Kerr−Sen
[
1 +  µˆ
(
2− 8 G Mˆ (rˆ − rˆm)
)]
, (56)
where we denoted
ω2Kerr−Sen =
aˆ2
[rˆ (rˆ − rˆm) + aˆ2] . (57)
The limiting angular velocity Ωh, sometimes called the angular velocity of the event horizon, is also modified by the
presence of the Abelian Higgs vortex.
It is worth mentioning that, when we consider the area of event horizon of the the Kerr-Sen black hole penetrated by
an Abelian Higgs vortex it satisfies up to 1-order
AKerr−Sen−vortex =
∫ ∫ √
gϕϕ gθθ dϕ dθ ' AKerr−Sen
√
1− 2  µˆ, (58)
which means that it is affected by the vortex presence.
III. NUMERICAL RESULTS
In this section one performs a number of numerical calculations to study the behaviour of the Abelian Higgs vortex
in Kerr-Sen spacetime. We commence our studies with introducing dimensionless quantities useful in numerical
solutions of the underlying equations. Namely, one establishes the following rescaling:
(Q˜, a˜, r˜, 1) =
1
GM
(Q, a, r,GM), (59)
(m˜X , m˜V ) = GM(mX ,mV ), (60)
(P˜φ, P˜ t) = (G2M2Pφ, GMP t), (61)
where we have denoted the Higgs boson mass by mX =
√
λ˜ η and the mass of the vector field in the broken phase by
mV =
√
2eη. In what follows, for the brevity of our notation, one drops the tilde from the rescaled quantities.
It may be recalled that, in analogous to Kerr-Newmann solution in Einstein-Maxwell gravity, Kerr-Sen solution is
characterized by it mass, electric charge Q and rotation parameter a related to the black hole angular momentum
and mass. The maximal value of the rotation parameter can be inferred from the condition for the extremal black
hole. Namely, one has that the outer and inner horizons coalesce rh = r+ = r−, where r± = G M + rm2 ±√
(G M − rm2 )2 − a2. Hence, in our rescaling amax = 1 − 12Q2. Consequently, the maximal value of the black hole
charge is fixed by the relation rh = r− = rm = Q2. It leads to the conclusion that Qmax =
√
2.
A. Location of the ergosphere - numerical results
To begin with we pay more attention to the problem of the ergosphere shifting due to the presence of Abelian-Higgs
vortex. On this account, in Fig.1a we plotted the distance between the event horizon and the ergosphere for Kerr-Sen
Abelian Higgs vortex system, as a function of black hole charge Q and angular momentum parameter a. We fix
 = 10−6 and perform this figure and the subsequent ones in the equatorial plane for which θ = pi/2. It may be seen
that the increase of the value of black hole charge causes the diminishing of the distance in question and in the case
of Q = Qmax =
√
2 the ergosphere collapses onto the Kerr-Sen event horizon.
The difference between the location of the ergosphere for pure Kerr-Sen black hole and Kerr-Sen black hole pierced
by an Abelian Higgs vortex is presented in Fig.1b. It was done as a function of black hole charge. One can conclude
8that the sign of the difference indicates that after taking into account the presence of the vortex the ergosphere is
shifted towards the black hole event horizon. The magnitude of this shift is of order equal to 0.1.
In Fig.2a we depicted the difference between the location of the ergosphere for Kerr-Sen black hole and the ergosphere
of Kerr-Sen Abelian Higgs vortex system, as a function of  and angular momentum parameter a, for fixed value of
the black hole charge equal to Q = 0.5 Qmax. It can be observed that for the fixed  and the black hole charge Q, the
shift increases in its magnitude as the considered black hole approaches extremality. In Fig.2b the difference between
the location of the ergosphere for Kerr-Sen black hole and the ergosphere of Kerr-Sen Abelian Higgs vortex system, as
a function of  and Q is plotted, for the maximal value of the angular momentum parameter. From this figure we infer
that the shift decreases as the black hole charge approaches the maximal one. The angular momentum parameter a
is fixed but the relation between the maximal allowed a and Q implies that the bigger Q is the smaller a one obtains.
Summing it all up, one can draw a conclusion that the increase of the value of black hole charge Q (decrease of a)
influences the decrease in the magnitude of the shift in the ergosphere position. On the other hand, Fig.3a and Fig.3b
indicate that for fixed values of the black hole charge Q and angular momentum parameter a, the distance between
the black hole event horizon and the ergosphere is insensitive to the modification of the value of  (in the considered
range of this parameter).
B. Numerical solution of the equations of motion for Kerr-Sen Abelian Higgs vortex system
In this subsection we shall analyze numerically equations of motion for an Abelian Higgs vortex on the background
of Kerr-Sen black hole. Namely, one considers the following relations:
∇µ∇µX − P 2X − m
2
X
2
X(X2 − 1) = 0, (62)
∇µ∇µPα − m2V PαX2 −RαβP β = 0, α = φ, t. (63)
The relevant components of the Ricci curvature tensor are as follows: Rt t, R
t
ϕ, R
ϕ
φ and R
ϕ
t, while their explicit
forms imply
Rtt = −
G M [r (r − rm) + a2 (1 + sin2 θ)] [(r − rm)2 + a2 cos2 θ] rm
ρ˜8
, (64)
Rtϕ =
2 G M a [(r − rm)2 + a2 cos2 θ] [r (r − rm) + a2] rm sin2 θ
ρ˜8
, (65)
Rϕ t = −
2 G M a [(r − rm)2 + a2 cos2 θ] rm
ρ˜8
, (66)
Rϕϕ =
G M [(r − rm)2 + a2 cos2 θ] [r (r − rm) + a2 (1 + sin2 θ)] rm
ρ˜8
. (67)
The equations of motion (62)-(63) are elliptic in the Kerr-Sen background, while on the black hole event horizon they
are parabolic. In order to solve them one uses the standard iterative technique. In the case under consideration, we
use the Newton method [35]. Moreover, a rectangular grid in the (r, θ)-plane will be exploited, where the range of the
coordinates was chosen as [rh, 10 rh]× [0, pi]. At large radii, one requires to obtain Nielsen-Olesen solution, then the
asymptotic values of the functions X and Pϕ yield
(X, Pϕ) = (0, 1) θ = 0, pi, (68)
(X, Pϕ) = (1, 0) r = 10 rh. (69)
On the other hand, we have a freedom in choosing the adequate boundary condition for P t component of the gauge
field. A close inspection of the equation of motion satisfied by P t reveals that it contains the term 1sin(θ)∂θP
t, which
becomes singular at θ = 0, pi unless (∂θP
t)|θ=0,pi = 0. From the physical point of view P t should vanish at infinity.
In order to fulfill these requirements one chooses that P t(θ = 0, pi) = 0, as our boundary conditions.
In terms of the above we arrive at the following set of the boundary conditions for the fields composing the Abelian
Higgs vortex:
(X, Pϕ, P t) = (0, 1, 0) θ = 0, pi, (70)
(X, Pϕ, P t) = (1, 0, 0) r = 10 rh. (71)
9As in the previously considered cases of the Abelian Higgs vortex on various black hole backgrounds [21]-[23], we
initialize our numerical simulations by choosing initial profiles for X and Pϕ. We commence with the boundary
conditions on Kerr-Sen black hole event horizon given by X(rh) ∼ sin2 θ and Pϕ ∼ cos2 θ. Initially, we set everywhere
P t = 0. Next, few iterations with the Gauss-Seidel method [35] were performed in order to achieve the appropriate
starting profile for the Newton method.
It is worth mentioning that we may further reduce the number of the parameters describing our problem by setting
the Bogomol’nyi parameter β˜ =
m2X
m2
V
as equal to unity. β˜ = 1 corresponds to the situation when the magnetic and the
Higgs flux tubes are of the same sizes, sometimes one calls it that the vortex is supersymmetrizable. This fact allows
us to examine the gauge field and the Higgs boson mass as fixed. In our rescaling it implies that modification of mX
value is equivalent to the changes of the black hole mass. Hence, one performs the numerical simulations for various
values of black hole charges of Q, boson Higgs masses mX and angular momentum parameters a.
At the beginning we shall elaborate the case of the nonextremal Kerr-Sen black hole Abelian Higgs vortex system.
Namely, in Fig.4 we set Q = 0.1 Qmax and a = 0.5 amax, the Higgs boson mass we choose as 0.9. On the other hand,
in Fig.5 one puts Q = 0.1 Qmax, a = 0.9 amax and mX = 4, respectively. These figures enable us to conclude that in
the case of the nonextremal Kerr-Sen black hole the Abelian Higgs vortex always pierces the black hole in question.
Moreover, one can notice that the increase of the Higgs boson mass causes the decrease of the width of the considered
vortex. Consequently, the larger angular parameter we consider the closer to the Kerr-Sen black hole event horizon
P t field is concentrated.
In the next step of our considerations we refine our studies to the case of the extremal Kerr-Sen black hole vortex
system, for which a = amax. In Fig.6 we plotted the behaviour of X and P
α fields for Kerr-Sen black hole with charge
Q = 0.1 Qmax and set Higgs boson mass as mX = 1.2. Further, in Fig.7 we studied the case with Q = 0.8 Qmax and
Higgs boson mass mX = 4.0. The comparisons of the obtained results reveal that the larger Higgs boson mass is the
easier vortex penetrates the black hole in question.
In Ref.[28] it was claimed that in the case of Kerr vortex system, for small mass black hole one should have flux
expulsion. This situation corresponds to the case when we set Q = 0 in our code and choose mX < 1. However, it
turns out that for the Kerr-Sen black hole the problem is far more involved. Namely, in Fig.8 we displayed the results
for small black hole with Q = 0.1 Qmax, mX = 0.6 and β˜ = 1. In Fig.8a it can be seen that Higgs field X is expelled
from the black hole, while Fig.8c indicate that P t field is concentrated in the small region around the black hole event
horizon. A closer look of the behaviour of the Higgs field X and Pϕ gauge field on the horizon of the black hole
is presented in Fig.9a. It is instructive to compare the aforementioned results with the reaction of X and Pϕ fields
in nonextremal Kerr-Sen background. Therefore, in Fig.9b we depicted behaviour of the fields in question for black
hole with a = 0.9 and mX = 0.9. Just on the basis of Fig.9a, one has the situation when the Higgs field is expelled
from the event horizon, while the gauge flux penetrates the black hole interior. We obtain the case of terminating the
Abelian Higgs vortex on the Kerr-Sen event horizon. This situation was widely studied in the case of various static
black hole Abelian Higgs vortex systems [21]-[23].
In Fig.10 we displayed pictures describing the behaviour of the Higgs field and gauge fields for the extremal Kerr-
Sen solution characterized by two different values of the charge, we set boson Higgs mass as equal to 0.9. Analyzing
Fig.10a-Fig.10b and Fig.10c-Fig.10d we may conclude that the increase of the black hole charge changes the solutions
from representing the expulsion to the solution depicting piercing of the black hole by a vortex. Consequently, it can
be remarked that the larger black hole charge is the harder is to obtain the expulsion of Higgs and gauge fields from
the extremal black hole. On the other hand, in all studied cases P t component of gauge field is concentrated in the
nearby of the black hole event horizon. All these facts may may indicate that for Q close to Qmax there exists only
the piercing vortex solution.
By virtue of the above, one can state that for the extremal Kerr-Sen black hole the Abelian Higgs vortex can be
expelled or can thread the black hole, depending on the values of Q and mX . Generally for the Higgs boson mass
larger than one the black hole is pierced by the vortex. The limit value of mX = 1 roughly corresponds to the black
hole with mass M = 108kg for Higgs particle mass of 126 GeV. In the special case of Q = 0 (Kerr black hole) for
mX < 1 the Higgs field and the flux of the gauge field are expelled from the black hole interior, while for mX > 1
they penetrate the black event hole horizon [28].
IV. CONCLUSIONS
In our paper we have resolved the problem concerning the existence of an Abelian Higgs vortex on the stationary
axisymmetric Kerr-Sen black hole background. We elaborate the problem in question both analytically and numeri-
cally. Assuming the complete separation between degrees of freedom of the Kerr-Sen black hole and an Abelian Higgs
vortex, one justifies that the vortex can be regarded from infinity as hair on the black hole spacetime. Analytical
calculations, where we use the so-called thin string limit, i.e., mass of the considered black hole Mbh  1, and taking
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into account backreaction of the Abelian Higgs vortex on black hole geometry, reveal that vortex influence is far more
subtle than causing only a conical defect. The conical defect is felt not only by ϕ-coordinate but also by t-coordinate.
It leads to the new phenomenon of shifting the position of the ergosphere. Numerical calculations disclose that the
shifting is towards black hole event horizon and depends on black hole charge and angular momentum parameter.
Namely, the increase of the Kerr-Sen black hole charge (decrease of the angular momentum parameter) induces the
decline of the magnitude of the ergosphere displace.
Numerical solutions of the equations of motion for Abelian Higgs vortex Kerr-Sen black hole system proclaim that
in the case of the nonextremal Kerr-Sen black hole it is always pierced by the Abelian Higgs vortex. It turned out that
the increase of the Higgs boson mass mX governed the decrease of the width of the vortex. The angular momentum
parameter of the black hole influences on the concentration of P t component of the gauge field. Namely, the bigger
value of the angular momentum parameter one considers the closer to the black hole event horizon the concentration
in question takes place.
On the other hand, in the case of the extremal Kerr-Sen black hole case, it happened that the bigger Higgs boson
mass one takes into account the easier the vortex penetrates the black hole under consideration. For large boson
Higgs masses mX > 1 and for large value of black hole charge the extremal Kerr-Sen black hole in always threaded
by the vortex. Contrary, for the small extremal black holes with Q ∼ 0.1Qmax and mX < 1, we obtain the solution
when the Abelian Higgs vortex ends on the black hole event horizon, i.e., the Higgs field is expelled while the gauge
field penetrates the black hole.
Moreover, the larger charge of the black hole taken into considerations the harder is to achieve the expulsion of the
vortex fields. As far as P t component of the gauge field is concerned it is concentrated in the nearby of the Kerr-Sen
black hole event horizon.
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(a)
(b)
FIG. 1: (color online) The difference between locations of (a) the ergosphere and the black hole event horizon for the Kerr-Sen
black hole vortex system and (b) the ergosphere for the pure Kerr-Sen black hole and for the Kerr-Sen black hole vortex system.
We set θ = pi
2
and  = 10−6.
(a) (b)
FIG. 2: (color online) The difference between locations of (a) the ergosphere for the pure Kerr-Sen black hole and for the
Kerr-Sen black hole vortex system as a function of angular momentum parameter a for fixed black hole charge Q = 0.5Qmax,
(b) the ergosphere for the pure Kerr-Sen black hole and for the Kerr-Sen black hole vortex system as a function of Q for
a = amax (extremal black hole). One considers the equatorial plane for which θ =
pi
2
.
(a) (b)
FIG. 3: (color online) The difference between locations of (a) the ergosphere and the black hole horizon for the Kerr-Sen vortex
system as a function of a for Q = 0.5Qmax, (b) the ergosphere and the black hole horizon for the Kerr-Sen vortex system as a
function of black hole charge Q for a = amax (extremal black hole). The equatorial plane θ =
pi
2
was taken into account.
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(a) X(Q = 0.1Qmax, a = 0.5amax) (b) Pϕ(Q = 0.1Qmax, a = 0.5amax)
(c) P t(Q = 0.1Qmax, a = 0.5amax)
FIG. 4: (color online) Behavior of the Higgs and gauge fields in the background of the nonextremal Kerr-Sen black hole. One
puts the boson Higgs mass equal to mX = 0.9.
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(a) X(Q = 0.1Qmax, a = 0.9amax) (b) Pϕ(Q = 0.1Qmax, a = 0.9amax)
(c) P t(Q = 0.1Qmax, a = 0.9amax)
FIG. 5: (color online) Behavior of the Higgs and gauge fields in the spacetime of the nonextremal Kerr-Sen black hole. We fix
the boson Higgs mass as equal to mX = 4.
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(a) X (b) Pϕ
(c) P t
FIG. 6: (color online) Behavior of Higgs and gauge fields in the extremal Kerr-Sen black hole background with charge Q =
0.1Qmax for the boson Higgs mass mX = 1.2.
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(a) X (b) Pϕ
(c) P t
FIG. 7: (color online) Behavior of Higgs and gauge fields in the spacetime of the extremal Kerr-Sen black hole with charge
Q = 0.8Qmax for the boson Higgs mass mX = 4.0.
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(a) X (b) Pϕ
(c) P t
FIG. 8: (color online) Behavior of the Abelian Higgs vortex fields in the background of the extremal Kerr-Sen black hole. We
put black hole charge as Q = 0.1Qmax, the boson Higgs mass mX = 0.6 and the Bogomol’nyi parameter β˜ = 1, respectively.
(a) (b)
FIG. 9: (color online) Profiles of the Higgs field X and Pϕ gauge field component on (a) the extremal Kerr-Sen black hole
event horizon. We set black hole charge Q = 0.1Qmax and the boson Higgs mass mX = 0.6. (b) the nonextremal Kerr-Sen
black hole horizon with the same charge, a = 0.9amax and mX = 0.9.
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(a) X(Q = 0.1Qmax) (b) Pϕ(Q = 0.1Qmax)
(c) X(Q = 0.5Qmax) (d) Pϕ(Q = 0.5Qmax)
(e) P t(Q = 0.1Qmax) (f) P t(Q = 0.5Qmax)
FIG. 10: (color online) Behavior of Higgs and gauge fields in the spacetime of the extremal Kerr-Sen black hole for two different
charges. We set Q = 0.1 Qmax, 0.5 Qmax and establish the boson Higgs mass as mX = 0.9.
